Let F O denote the "nite "eld of order q, a power of a prime p, and n be a positive integer. We resolve completely the question of whether there exists a primitive element of F O L which is such that it and its reciprocal both have zero trace over F O . Trivially, there is no such element when n(5: we establish existence for all pairs (q, n) (n55) except (4, 5) , (2, 6) , and (3, 6) . Equivalently, with the same exceptions, there is always a primitive polynomial P(x) of degree n over F O whose coe$cients of x and of xL\ are both zero. The method employs Kloosterman sums and a sieving technique. O of degree n. Primitivity is fragile; it is a property that is jeopardised when the element in question is multiplied by or added to another member of the "eld. Nevertheless, if is a primitive element of F O , then so is 1/ .
INTRODUCTION Let
It is both a natural challenge and of theoretical importance to seek to establish the existence of a primitive polynomial P K (x) with one or more of its coe$cients prescribed. Indeed, to have as many zero coe$cients in P K (x) as possible is particularly satisfactory. Now, the existence problem for primitive elements of F O L with prescribed trace over F O (i.e., with the coe$cient of xL\ in P K (x) given) has been solved completely by the second author [2] (see also [7] ). In respect of the narrowed question of the existence of such a primitive element with zero trace, it is necessary that n53 (except when n"2 and q" 3) , and it was shown in [2] that, when n53, such a primitive element exists, except when n"3 and q"4.
In this paper we settle the problem of the existence of an element of F O L satisfying the more demanding conditions that both and 1/ are primitive elements with trace 0 (where, from [2] , we may suppose n53). Equivalently, P K (x) must be a primitive polynomial whose coe$cients of xL\ and x are both zero. Now, it is evident that an irreducible cubic binomial x#a over F O has order a divisor of 3(q!1) and an irreducible quartic of the form x#ax#b has order a divisor of 2(q!1). We may therefore assume that n55. The problem posed is therefore resolved by the following theorem proved in this paper.
We use ¹ L for the trace function from
(1/ )"0, except when n"5 and q"4 or n"6 and q"2 or 3.
Also solved, for n55, is the more general existence question of a primitive element of
, where a and b are given (arbitrary) members of F O . Although for a and b not both zero the broad strategy is similar to that considered here, the details are su$ciently di!erent to warrant a separate treatment. Accordingly, the second author has written a further paper [4] dealing with the cases in which a and b are not both zero. Indeed, the reader may observe from [2] that this is consistent with the situation of primitive elements with prescribed trace: the proof in the case of trace zero (drawn from [1]) is rather di!erent from that for a nonzero trace. It turns out that, in the present circumstances, the conditions when both traces are prescribed to be zero are somewhat more stringent than for other prescribed traces and again justi"es singling out the former for special treatment. On the other hand, there is a compensating simpli"cation in the case when both traces are zero that is not generally applicable which we proceed to describe.
Let m"(qL!1)/(q!1) and suppose that " From now on we suppose that n55.
CHARACTER SUM FORMULATION
Let be the canonical additive character of 
In particular, we write 
Proof. The characteristic function for the subset of F * O L comprising elements which are not any kind of Mth power is an extension of the Vinogradov formula [6] , Lemma 7.5.3 (see also [3] ), and has the form (M)
Hence, from its de"nition (taking account of the scaling factor q), we have
and the result follows from the de"nition of the extension and the generalised Kloosterman sum.
KLOOSTERMAN AND GAUSS SUMS
In order to develop the formula of Proposition 2.1 into a more useful shape, we record some facts about Kloosterman and Gauss sums that are either elementary or can be found, for example, in [8, Chap. 5] .
For the statement of the next result, we introduce the Gauss sum
Also M denote the complex conjugate character to .
Some standard facts about Gauss sums are as follows.
Suppose n is even, q is odd, and "
, the quadratic character. ¹hen
For given q, n de"ne OL by
Then " OL "42 (by the second part of Lemma 3.1). On the other hand, at least for reasonably small values of q, by means of Lemma 3.4, OL can readily be calculated exactly.
As it happens, when q is odd and " , the quadratic character, the situation is more satisfactory for the evaluation of
LEMMA 3.5. Suppose that q is odd and n is even.¸et t3 F* O and be the quadratic character on
Otherwise,
If (t)"1 (so that s 3F O ), then (2s)" (2ns); in particular, this has the value (0)"1 whenever p"n.
The result follows. COROLLARY 3.6. Suppose that q is odd and n is even. ¹hen
where
Proof. If p"n, the result follows immediately by combining Lemmas 3.5 and 3.3 (iii). So suppose p/n. Since F* O comprises (q!1) squares and (q!1) nonsquares, we conclude from Lemma 3.5 that
and the result again follows from Lemma 3.3 (iii).
DEVELOPMENT OF THE FORMULA FOR
We shall apply the results of Section 3 to the formula in Proposition 2.1. For this (and later) purpose, it is convenient to modify the notation + B used in that result. Speci"cally, for a divisor M of M, write ++Y B to indicate a similar sum in which terms corresponding to divisors d of M are excluded. (In this section M"1 or 2.)
Recall that m"(qL!1)/(q!1) is even if and only if q is odd and n is even; in the latter case we shall assume that an even divisor M of m is selected.
PROPOSITION 4.1. Suppose that M is a divisor of m, which is even if m is even. ¹hen
where 
by Lemma 3.3(i) and the de"nition of OL . When m is even, we see, taking account of the weighting factor (2)/(2)"!1, that the contribution of the terms with " 
where and are as in Proposition 4.1.
We shall denote the condition (inequality) of Proposition 4.2 by C OL and its left and right sides by¸O L and R OL , respectively. Where the values of q and n are understood, we shall abbreviate these to C,¸, and R, respectively. Note that the term !(2q!1)/(qL>) in¸is generally negligible and we shall often ignore it; nevertheless it has a slight e!ect when q and n are small and we shall take it into account whenever relevant.
APPLICATION OF THE CONDITION C OL
In this section we use C OL to establish Theorem 1.1, whenever q, n, or OL : " (m) are su$ciently large (in an explicit sense). We stress that our treatment is not exhaustive (meaning that there are many further values of q and n which satisfy C OL ). Rather, we employ the condition to reduce the problem to a "nite (though large) set of pairs (q, n) which can be dealt with more e!ectively by the sieving procedure described in the next section.
First, we provide a simple lemma bounding the size of =(h). Proof. Omitting subscripts and negligible terms, and assuming that C fails, we have Suppose n511. With (m)(4.9, the above inequality implies that q48. Hence, we can reduce the bound for (m) appropriately (since p/m and, when m"7!1, 5/m) and deduce that q45. Indeed, n"11, if q"4 or 5; n"11 or 12, if q"3; and 114n414, if q"2. Now, in any of the above cases with n"11, O 43 with "2, and (5.1) yields a contradiction. Further, "5, "4, "1, "3, and (5.1) provides a contradiction in each case. Only that with (q, n)"(2, 12) is (slightly) delicate. We have R (16! "15.5, whereas (including even the negligible term), "16! '15.9.
We may therefore suppose that 54n410 and, by (5.1) again, that q(2 S> L\ . To obtain the bounds on OL , proceed as follows. Given n, let S L be the set of primes which are candidates to be factors of m. Thus S "+5, 11, 31, 41, 61, 71, 2 , comprises 5 and all primes congruent to 1 (modulo 10). Similarly, S "+7, 29, 43, 71, 2 , contains 7 and all primes congruent to 1 (modulo 14), and S "+3, 7, 13, 19, 31, 2 , contains 3 and all primes congruent to 1 (modulo 6). For the even values of n, we simply allow S L to be unrestricted. Given n, let P S be the product of the "rst primes in S L . Then we have (q#1)L\'m5P S . On the other hand, q(Q S : "2 S> L\ . It follows that (Q S #1)L\'P S . Now, for n"5, P "5 ) 11 ) 31 ) 2 ) 1021'2.8;10, whereas (Q #1)(1. 
This leaves an enormous number of possibilities. Although we could persist with C O
to reduce this number somewhat, to complete the project it is necessary to re"ne our approach. 
Proof. This extends a principle expounded, for example, in [3] . The case r"1 is trivial. For r"2, denote the set of elements that are not any kind of Mth power by A + . Then
PRIMITIVE ELEMENTS WITH ZERO TRACES and the inequality holds by consideration of cardinalities. The proof is completed by induction on r.
This leads to a generalisation of the condition C OL of Section 5. For this purpose, we require a further de"nition. Given complementary divisors m , 2 , m P with common divisor m , set :
In applications, the size of is crucial. It must not be too small and certainly must be positive. Thus, although not necessary in principle, it is convenient in practice to assume that m is even whenever m is even (i.e., when q is odd and n is even). 
Proof. From Propositions 6.1 and 4.1, To justify this claim, "rst write the primes in m in increasing order as
When is odd, proceed similarly but with m (say) containing one more prime. We concentrate on the even case: for odd obvious (slight) adjustments are to be made.
So assume "2s, s420. As noted above, S (2 and ; :
R(2((2Q!1);#1).
Since (p G ) increases with i, then (m )# (m ) is minimized when p , 2 , p Q are replaced by the smallest primes in S "+5, 11, 31, 41, 61, 2 , as used in Proposition 5.2 (to see this, do the replacements one at a time, beginning with p , even if at some stage the primes under consideration are not all distinct). Further, it is also clear that, as s varies, this minimum itself attains its least value when s is maximal, i.e., s"20. Consequently, to obtain a suitable general upper bound for ;, take s"20 and replace p , 2 , p by +5, 11, 31, 2 , 991,, the "rst 40 members of S . This yields (m )"0.62314 2 , (m )"0.97103 2 , and ;(2.683. Moreover, (q#1)'m5P Q , the product of the "rst 2s primes in S . Hence, if
For s"6, P !1'257729, whereas R(115640, which would contradict the above inequality; indeed, the contradiction is magni"ed as s increases.
Step 2. C O (m , 2 , m P ) generally holds with r" when 411. Let m , 2 , m P be the distinct primes in m (in increasing order). Then
, and the latter is a decreasing function of r, certainly so long as
We deduce that q(1450. Yet the smallest prime power q with 56 is 7"2401. Hence we may assume that 45.
If Finally, when "1, Proposition 6.2 itself yields
which "rst implies q(13 (taking account even of the negligible terms). In fact, q"7 may also be excluded, because "!0.4486 2 , R (2.1,¸"(7! 13 7 '2.6.
From the above C O is satis"ed for all q except those listed.
DEGREE 6
Now, take n"6 and again omit references to n. This time, if q is odd, then m is even. If, in fact, q,1 (mod 6), then 6"m. If q is even and square, then m is divisible by 3. Although compared with the case n"5,¸O has increased essentially from (q to q, this is countered by the occurrence in m of the primes 2, 3, when q,1 (mod 6). Accordingly, we concentrate on this case and omit most of the details for odd q not congruent to 1 modulo 6 and for non-square even q. Step 1a with the roles of the primes 2 and 3 interchanged. With "2s!1 and s"7, we obtain R(1258, whereas¸'1455. For q an even nonsquare, proceed similarly with m "1.
, where p , 2 , p P are the primes in m exceeding 3, and set
We have "S "(8 and
R(8(;#1).
Replacing p , 2 , p P by the r smallest primes exceeding 3, and then r by 13, we obtain the bound R(574. The smallest prime power with 511, however, is 1069. Hence, we may suppose 49; indeed, reworking the above with r47 ( 49), we deduce that R(160: hence, 48. Next, if "8, take r"6 and the bound for R in the more precise form
We obtain ;(14.2326, whence R(121.87(1! O ), which exceeds¸"9 in every case, since the smallest relevant prime power is q"121. It follows that 47, in which case the general argument yields q489 which implies q479.
Step 2a (q odd and not congruent to 1 modulo 6). C O (m , 2 , m P ), r" !1, m "2, holds whenever 57 or q'41. The relevant bound for R is one-half of that used in Step 2, namely,
R(4(;#1).
Step 2b (q even). C O (m , 2 , m P ), r" !1, m "3, holds whenever q564.
For q square, the same bound is used as in Step 2a; in particular, the case of q"64, for which "7, is covered.
Step 3 Finally, when n"10, then¸"q, and it su$ces to illustrate with q"2. We have R (3, 11, 31)(5.18(¸ "8.
DIRECT VERIFICATION FOR SOME q481
There are still a few cases unresolved by the last three sections. Now, we compute directly all those undetermined cases by means of Maple V using primitive polynomials from the paper of Hansen and Mullen [5] . In every instance we provide a single primitive element
(1/ ). Of course, generally, there are many such elements. Nevertheless, after a complete run, it is apparent there are no relevant primitive elements 3F O L when either n"5 and q"4 or n"6 and q"2 or 3. In the list below, we use a quadruplet (q; n; f (x); i) to indicate a primitive element 3F O L satisfying ¹ L ( )"0"¹ L (1/ ). The "rst column q"pI is the order of the ground "eld F O , the second column n is the degree of the wanted primitive element, the third column f (x) is a primitive polynomial of degree nk over F N , and the fourth column i is a positive integer satisfying (i, qL!1)"1; thus whenever 3F O L is a root of f (x) in the third column, then ¹ L ( G)"0"¹ L ( \G). In fact, we always take i"1 when q"p is a prime number, i.e., the polynomial f (x) is the minimal polynomial of some desired primitive element " .
